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Realizations of Causal Manifolds by Quantum
Fields
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Quantum mechanical operators and quantum fields are interpreted as realizations
of timespace manifolds. Such causal manifolds are parametrized by the classes
of the positive unitary operations in all complex operations, i.e., by the
homogenous spaces D(n) = GL(C{)/U(n) with n = 1 for mechanics and n = 2
for relativistic fields. The rank n gives the number of both the discrete and
continuous invariants used in the harmonic analysis, i.e., two characteristic masses
in the relativistic case. ‘Canonical’ field theories with the familiar divergencies
are inappropriate realizations of the real 4-dimensional causal manifold D(2).
Faithful timespace realizations do not lead to divergencies. In general they are
reducible, but nondecomposable—in addition to representations with eigenvectors
(states, particle), they incorporate principal vectors without a particle (eigenvector)
basis as exemplified by the Coulomb field.

INTRODUCTION

Quantum theory deals primarily with operations, e.g., timespace transla-
tions and rotations or hypercharge and isospin transformations. Its experimental
interpretation relies on states or particles, i.e., eigenvectors of asymptotically
relevant operations. The particle properties (mass, spin, charge etc.) we are
measuring are the corresponding eigenvalues. The modality structure of quan-
tum theory, e.g., the probability amplitudes, is formulated using complex
linear structures with conjugations. Therefore, complex linear operations and
their unitary substructures—not necessarily positive unitary>—play the central
role in quantum theory.

! Max-Planck-Institut fiir Physik und Astrophysik, Werner-Heisenberg-Institut fiir Physik,
Munich, Germany; e-mail: saller@mppmu.mpg.de.
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orthogonal and unitary ones are O(V) and U(N), respectively.
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The characterization of particles as positive unitary irreducible represen-
tation of the Poincaré group by Wigner (1939) is an asymptotic experimentally
oriented language. A particle language, i.e., an eigenvector basis, is too
narrow to describe interactions. Following up the identity of particles in their
interaction is impossible—one tries to evade or circumvent the particle-
interaction complementarity using words and concepts like ‘off shell’ or
‘virtual particles’ or ‘ghosts,” etc. There are interaction structures which do
not show up in the projection to a particle basis.

First of all, the nontranslative homogeneous interaction symmetries are
truly larger than particle symmetries. Concerning external operations, particles
have homogeneous symmetry properties only with respect to the ‘little groups’
spin SU(2) or helicity (polarization) U(1), which are true subgroups of the
interaction-compatible Lorentz SL(C}) group. With respect to the internal
operations as seen in the interactions of the ‘standard model of elementary
particles,” there remains for particles only an abelian U(1) electromagnetic
symmetry, defined as the internal ‘little group’ (fixgroup) of the degenerated
ground state, as subgroup of the hyperisospin transformation group U(2). If
color SU(3) confinement holds, only color singlets arise as particles.

In addition to these projections from the ‘large’ interaction symmetries
to the ‘little’ particle symmetries, both for external and internal operations,
there are operational structures in the dynamics without any asymptotic
particle trace, the most prominent ones given by the Coulomb and gauge
degrees of freedom of the standard interactions, formalized in relativistic
nonabelian quantum field theory in cooperation with Fadeev—Popov degrees
of freedom (Becchi et al., 1976; Nakanishi and Ojima, 1990). All those
‘ghost’ structures come in connection with indefinite unitary representations
of timespace translations (Saller, n.d.) ultimately tied to the indefinite structure
of the noncompact Lorentz group O(1,3) which is indispensible for a nontrivial
relativistic causal order.

This paper is an attempt to connect the asymptotic concepts ‘particle’
and even ‘time’ and ‘space’ with the interactions on a deeper operation-
oriented (Finkelstein, 1996) level. Timespace will be formalized by a coset
structure—as the noncompact real homogeneous space D(n) = GL(C{)/U(n)
which is the manifold of the positive, unitary, probability amplitude-related
operations U(n) in all complex linear ones. The causal manifold D(n) has
real dimension n? and real rank n. The abelian case n = 1 involves the real
I-dimensional causal group (time) D(1) as the framework which is extensively
used in quantum mechanics. The next simple case with timespace rank n =
2, the first nonabelian one, involves the real 4-dimensional homogeneous
manifold D(2) with internal stability group U(2), it shows all the features
familiar from relativistic quantum field theories.
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The rank n of the causal manifold D(n) shows up in the number of real,
continuous invariants used in its representations. The representations of the
causal group D(1) are characterized by one continuous invariant (frequency)
o, which serves, e.g., as unit in energy eigenstates of a quantum mechanical
dynamics, whereas the representations of GL(C}) for the homogeneous time-
space D(2) involve two continuous invariants which may be tentatively called
a particle mass m; and an interaction mass my—or m, and a dimensionless
ratio m3/m3, possibly related to the coupling constants used for relativistic
interactions.

A parametrization of timespace manifold D(n) realizations by vectors
of complex linear representation spaces leads to the concepts of quantum
mechanical operators for # = 1 and relativistic quantum fields forn = 2. In
the latter case, the representation of the rank 2 operations in D(2)—not only
rank 1 (time translations) as done in conventional particle-oriented linear
quantum fields—gives rise to a framework where product representations are
definable without the light cone-supported divergencies found for interacting
linear quantum fields.

1. “CANONICAL” QUANTIZATION

Quantum mechanics as a theory for time-dependent operators was very
successfull. The quantization involved, called “canonical”, was simply taken
over—in a Lorentz-compatible extension—for timespace-dependent opera-
tors (quantum fields).

1.1. Quantum Structure in Mechanics

Heisenberg’s noncommutativity condition [P, X] = 1 (in units with
f = 1) for position-momentum operator pairs (X, P) is the trivial time ¢t = 0
element of time representations® [iP, X](¢) by a quantum mechanical dynamics,
e.g., in the—not only historically relevant—simplest example of the harmonic
oscillator with Hamiltonian H = P2/(2M) + kX?/2, involving a mass M and
a spring constant k or a frequency m? = x/M and an intrinsic length [* =
1/xkM:

A = mi
=, X@ = mI*P(@)

= [iP, X](t) = cos mt (1)
% P(t) = -g X@)

3The linear dependence is used in the notation [a(y), b(x)] = [a, b)(x — y), etc.
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The eigenvectors of the time translations can be built by products of the
creation—annihilation pair (u, u*)

u= 1 X - L iP d
NG J2 -z @) = i — bm@* @)

* ! withk,l e N

1
w=—7X+—7iP
1.2 J2
The harmonic oscillator as U(1)-time representation uses a point measure
for the frequencies as the linear forms on the time translations:

U > [u*, ul(t) = e™

2

= Idp, 3w — mye™

it 2 2

=E@_Jd L}'_”Leiut=_L§_‘{._&_eiut 3)
|.1. mp 2t p—m

Here m, denotes the principal value integration and ¢ the mathematically
positive circle around all poles in the complex frequency plane w € R C C.

The self-dual time representation* in SO(2) by position and momen-
tum reads

cos mt il? sin mt
[P X] [X X] —_{;

SO(2) > ([P, Pl [X, _,'p])(t) - <IL2 sinmt  cos mt )
cosmt\ _ _ LAY
(l_ o mt) = J du. 8(p? m"‘)e(u)(m)e W
- s {2

sl el o

im | p2 —mp\m im” p?2—m?\m

In general, a dynamics is not linear, i.e., the Hamiltonian is not quadratic
in the fundamental operator pairs (X, P), e.g., for the hydrogen atom with

4The SO(2)-matrices

cos mt e® sin mt
—e "% sin mt cos mt

with a € C are equivalent to the familiar SO(2)-matrices with o = 0.
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the Hamiltonian H = BY(2M) — gO/l? |. In those ‘truly interacting’ cases,
the operators for the energy eigenstates may be complicated combinations
of positions X and momenta P,

1.2. Distributive Quantization of Particle Fields

The relativistic embedding of the SO(2) time representations leads to
two different results: Since the energy is embedded in a Lorentz energy—
momentum vector . = (g%, one obtains both ‘scalar and vector cosinus
and sinus’

3 c“(mlx) = im is(mlix)
d(cosmt) _ . [isinmt o “\is(mlx) ci(mix) )
dt \i sin mt cos mt 5 Cimlx)\ _ . [iSi(mix)

RiSkmix) | ~ "™ Cimix)

which both fulfill a homogeneous Klein—-Gordon equation

@ + m?) (f:g,’;’l'j)))

d? )(cos mt)
— +m?) . =0« ()
(dt2 i sin mt @ + m?) (C(mlx)) —0

iS¥(mlx)

The embedding with an ordered Dirac energy-momentum measure at
g? = m? for the translation eigenvectors e

(Ck(”ﬂx)) — J ﬂq_ s(q 2 . mZ)e(qo)(q k)eixq

is(mlx) 2m)? m

Q)
_ e(xp) [ dg 1 T -
im | Qu)}q? — mi\m
defines the causally supported quantization distributions

ck(mix)\ _ . )

(is(mlx)) =0 for spacelike x* <0 ®)
The embedding with a ‘not ordered’ measure
Cimix)\ _ [ d%q 2 2 m\ o

defines the Fock state functions, which have also nontrivial spacelike
contributions.



2788 Saller

To illustrate quantum fields with linear equations of motion and particle
interpretation, following the harmonic oscillator linear quantum structures,
a free Dirac field ¥ for particles with mass m # 0, e.g., the electron, yields
a good example:

(i% + m)u(t) =0 o (iyd* + mWx) =0 (10)
Weyl fields arise for m = O with a left- or right-handed Weyl representation
L0+ yye=pe= (1, 0)and 21 — vy = = (1, — o), resp., replacing
the Dirac representation.

The Feynman propagator is the Fock value (...) of the sum of the
causally ordered quantization anticommutator and the commutator

d'q gt +m
Quy¥ g —m*+io
= <—€(xO){Tl7, Wix) + [, W]x) an
The Fock form function with its spacelike contributions
((F, ¥)(x) = Exp(imlx) = C(mlx) + iy, S«(mlx)

iqx

(PW)(x) =

4
J(‘_j L cmvg* + mpq? ~ mhe (1)

will be discussed later (Section 5.3). The distribution for the quantization
anticommutator

(W, W}(x) = exp(imlx) = yik(mlx) + is(mlx)

f Y e(go)(vig* + m)d(g? — m*e™

@ny ¢ —mh 9

_ €(x) J d*q vt +m g
is the interaction relevant structure, which causes the ‘divergencies’ in relativ-
istic field theories (not the particle relevant Fock value of the commutator).
The distinction between exp(imlx) and EXP (imlx) is characteristic for the
relativistic case with its causal partial order.

The quantization distribution is given explicitly in timespace coordinates

2 k
ck(mix) = m? m_e(xo)x [8’(’" sz) 8( ) + = 3 DE, (m2x2)]

8w 2 4

2,2

s(mlx) = ’;1—1: me(xo)[8<m 4x

) - ﬁ(xz)%l(m%cz)] (14)
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with ¢X(0ix) = [e(xg)x*/m] 8'(x?). These distributions involve the functions
€. in general forn = 0, 1, . . ., with 72 = ¥(x?)m2x? (‘eigentime’ 7), Bessel
coefficients J, (Sneddon, 1961), and the beta-function B,

1
J duZ(uZ)—l/Z(l — “‘2)_”2+" Cos T

& (=) o
%n('fz) = n! (1/2)" - n!j=0j!(j + n)! - B(%’% +n)
dé,(1%)

Buri(™) = —(n + 1) .0 =1 (15)

dry4
The vectorial distribution for time xy = 0 describes the quantization of
linear fields

exp(imlx)l,,=0 = Vi (mlx) = o3 (x)
(16)

J 4% (B, W}®)ly-0 = vo

The fact that the linear quantization gives no functions, e.g., that exp(im|0)
does not make sense or that two quantizations cannot be simply multiplied
for a product representation of the translations, e.g., exp(imlx) exp(imlx)
arising in a perturbative approach (vacuum polarization in quantum electrody-
namics) illustrates the familiar divergence problem for linear fields, which
has to be treated by sophisticated techniques. It hints at the inappropriateness
of particle fields for more than a perturbative formulation of interactions,
e.g., their inappropriateness to parametrize a bound-state problem.

Using a decomposition of all translations into time and space translations,
e.g., given in a massive particle rest system, the time-ordered integral of the
spacelike trivial quantization distributions gives—after interchanging time
and energy integration—the space-dependent interaction functions, e.g., the
Yukawa interaction and force

1

> J dxy €(xp)s(mlx) = md(m, \x1)

—— J d3q e—i(;; = m e—ml‘?l
Qm’q: +m? 4wl
% [ dxy e(xo)yic4(mlx) = v,8°d(m, IX1)

so 1+ mixl
- — =€ m 17
4mrix 3 a7



2790 Saller

The singularities at X = 0 reflect the divergence problems of linear fields,
if they are used to parametrize interactions.

Interchanging space and momenta integrations, the space integrals of
the quantization distributions lead to the time development of the har-
monic oscillator

j d>xy,ck(mlx) = v, cos mxg, J' d3x s(mix) = sinmx,  (18)

The distributive quantization of relativistic fields identifies the eigen-
value of the harmonic oscillator time translation dependence, given by the
frequency my, with the characteristic mass for the Yukawa interaction space
dependence, given by the inverse range m,

2 2 - -
4 + mj |cos myt = 0, _aT + m? |d(m,, Ix1) = 8(x) (19)
dt2 6x2

in the Lorentz-compatible timespace translation dependence

with my = m,: (8% + mHck(mix) = 0 0

2. CAUSAL TIMESPACES

Observables; in mechanics depend on time coordinates, relativistic fields
depend on timespace coordinates. In this section, timespaces are reformulated
in a general symmetry-oriented algebraic framework starting from complex
linear operations.

2.1. Causal Complex Algebras

Cartan’s representation of the timespace translations (real 4-dimensional
Minkowski vector space) uses hermitian complex 2 X 2 matrices from the
associative unital algebra of all complex 2 X 2 matrices. Together with the
time translations (real numbers) of mechanics, they are given as follows:

t=1 e C(1)
=31 {xg+x35 x —in 1)
X Il —
2 (xl + iX2 X0 — x3) * < C(Z)

Those familiar cases should be used as illustrations for the general case
working with complex n X n matrices for n = 1.

The matrices z € C(n) with the usual hermitian conjugation * are an
involutive algebra, decomposable into two isomorphic real vector spaces of
dimension nZ.
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C(n) = R(n) ® iR(n) = R**,  z=1x+ iy

R(n) = {x € C(n)lx = x*} = R” (22)

The symmetric vector subspace will be called the matrix representation R(n)
of the timespace translations with n the rank of timespace.
A basis for C(n) is given by

2_

n ' 2 ) _ 23)

z=zpmy, zi=zlpmyli, A A=1,...,n

[p(n), ip(n) 125" with  {p(n)/}g! ={

using the unit matrix 1(n) and (n2 — 1) generallzed hermitian traceless Pauli
matrices o(n)? for n = 2, i.e., three Pauli matrices o forn = 2, eight Gell-
Mann matrices o (3)* = A for n = 3, etc.:

a(n)® = a(n)®, tro(n)®* =0
lio(n)?, ioc(n)*] = a®cio(n)", totally antisymmetric a® € R
{a()?, o(n)?} = 281(n) + 3% a(n)’, totally symmetric 8 € R

(24)

The determinant defines the abelian projection of C(n) to the complex num-
bers C(1) = R D iR, compatible with the unital multiplication and the
conjugation (a *-monoid morphism)

det zo 7' = det z det 7’
det: C(n) > C, z» z"=detg, det 1(n) = 1

det z* = det z (25)

By polarization, i.e., by combining appropriately (z; = z; * -+ * z,)", one
obtains a totally symmetric multilinear form, familiar for the Minkowski
translations R(2) as Lorentz bilinear form with indefinite signature

n: Cn) X -+ XCn)y—>C
@i - or Z) = N, o, 2) = €A g (A e (2
n=1: miz)=detz=72 (26)
n=2 "z, =@+ (@ - ) sign Mlge) = (1, 3)

The trace part and the traceless part of a translation w1ll be called a
time translation in T = R and a space translation in S(n) = R” "

1(n) (r(n)“

x = xp(n) = xo Py + x 2 27
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However, a decomposition into time and space translations is incompatible
with the determinant, since for n = 2 in general det (x + y) # det x + det y.

The involutive algebra C(n) is a C*-algebra (Bratelli and Robinson,
1979; Richart, 1960) with the norm ||z]* = (z1z) induced by the scalar product

7 e Cny =) =trz oz* (28)
Any C*-algebra is (partially) ordered via the spectrum
x>0 x=x* and specx C R = {a € Rla = 0} (29

Therewith, C(n) will be called a causal complex algebra.
All timespace translations can be diagonalized with a real spectrum

x e R(n) = specx = {Eldet(x — £1(n)) = 0} C R
n=1. xe RQ), spec x = {7}

X * Ixl
2

(30)

n=2 xe RQ), spec x = {
The n real spectral values {§,}7_, of a timespace translation x € R(n) will
be called its Cartan coordinates.

A linear transformation z € C(n) is diagonalizable, z = u © diag (z) °
u~! if, and only if, it is normal, z o z* = z * o z The diagonalization
transformation is unitary, u ~! = u*. Therewith x € R(n) and [ € iR(n) are
diagonalizable, but not any z € C(n).

The C*-algebra order generalizes the familiar order of the 1- and 4-
dimensional translations. With one nontrivial positive causal vector ¢, positi-
vity is expressable by positive c-projected products (n causal projections)

c,x € R(n), c>0

xz0 oxi=nx...,%xc¢...,0)=0 for r=1,...,n 31

r n—r

The characteristic functions for the causal translations use the spectral
values

xeRn), x"=detx=][]E¢&, & € specx
r=1

3 = ljlﬁ(g» = Ijlﬁ(x:), c>0 (32)

€(x) = ¥(x) — ¥(—x)

with the familiar example for Minkowski timespace with a time component
&, ) = X
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Lo [B0 =000 + KD — X)) = Hx)d(x?) 2
TE e = o) (33)

The vector space of all timespace translations R(n) is the union of the positive
and the negative causal cone and the spacelike submanifold

R(n) = R(n)causal U R(n)space’ ]R(n)causal n R(”)space = {0}
R(n)causal = R(n):;msal U R(n)c_ausab R(n)c_:;usal N R(")c_ausal = {0} (34)
R(n)(-::xusal = {x € R(”)lsl)ec xC R+} = —R(n)c_ausal

All translations can be written as sum of a positive and a negative time-
like translation

R(m) = {xs + x_pes, —x- € R} (35)
The positive causal cone is the disjoint union
R(n)cttusal = {0} U] R(n)tTme V) R(n)l-;—ght (36)

of the trivial translation (tip of the cone), the strictly positive timelike transla-
tions (interior of the cone) where the spectrum does not contain 0

R(iime = {x € R(M)usal0 & spec x} (37

and the strictly positive lightlike translations (skin of the tipless cone) where
0 is a spectral value

R(miign = {* € RM)casalr # 0, 0 & spec x} (38)

For the 1-dimensional totally ordered translations R(1) = R, one has a trivial
space R(1)space = {0}. The nontrivial spacelike manifold for n = 2 is the
disjoint union of (n — 1) submanifolds R(m, n — m)s,. With m strictly
positive and n — m strictly negative Cartan coordinates

n—1
n=2 R(n)space\ {0} = U—jl R(m, n ~ m)space (39)

In the 1-dimensional case there is no light, R(1)jizne = O. Light is a genuine
nonabelian phenomenon, arising for n = 2. There, the strictly positive (nega-
tive) lightlike manifold is the disjoint union of (n — 1) submanifolds
Rm,n—1-— m).‘fgh[ with exactly m trivial and n — 1 — m strictly positive
(negative) Cartan coordinates

n—

1
n=2 RMige = W Rim, n— 1 — m)ign (40)
m=1
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The proper time (‘eigentime’) projection is the causal projection of the transla-
tions to the real numbers R(1) = R,

1 f =1
7. R(n) >R, 7(x) = e(x)|det x"| = {:(xo)(g(xgﬁ for n=2

41)
In general for n = 2, it is not linear, T (x + y) # 7(x) + 7 (y).

2.2. Timespace Manifolds

The complex algebra C(n) with the commutator as Lie bracket is, on
the one hand, as complex n>-dimensional space, the rank n Lie algebra® of
the complex Lie group GL(C") C C(n), and, on the other hand, as real 2n%-
dimensional space, the rank 2n Lie algebra of the real group® GL(C}). The
antisymmetric space iR(n) in C(n) is the rank n Lie algebra of the unitary
group U(n):

C(n) = log GL(C"), GL(C") = exp C(n)
R(n) @ i R(n) = log GL(CY), GL(CY) = exp[R(n) D iR(n)] (42)
iR(n) = log U(n), U(n) = exp iR(n)

The vector space of the timespace translations R(n) is isomorphic to the
quotient of the full with respect to the unitary Lie algebra. Its exponent is
isomorphic to the corresponding homogeneous space, the real n 2-dimensional
manifold with the orbits gU(n) of the unitary group U(n) in the full group
GL(CR)

R(n) = log GL(C§)log U(n), D(n) = exp R(n) = GL(CR/U(n) (43)

The ‘compact in complex manifold” D(n) will be called a timespace manifold;
it is isomorphic to the strictly positive timelike translations

D(n) = {d = e e*le € GL(CR} = R()ime (44)

i.e., the timespace manifold D(n) can be embedded into its tangent space
R(n) where light and space translations arise as genuine tangent phenomena.

Timespace D(n) is totally semiordered C (transitive and reflexive) via
the abelian projection onto the totally ordered group D(1),

det: D(n) > D(), d~ detd
dl,Z € D(n): dl C d2 & det dl =< det d2

(45)

5The Lie algebra of the Lie group G is denoted by log G.
6Cg denotes the real 2-dimensional structure R @ iR of the complex numbers C.
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Therewith, D(n) will be also called a causal manifold (Hilgert and Olafsson,
1997). The set of all semiorder induced equivalence classes is isomorphic to
the causal group D(1) and carries a total order.

Also the name modulus manifold is justified for D(n) since it parametrizes
the possible scalar products of the complex space C* with basis {e4}}-,
where the C*-algebra C(n) is acting on
(elle’) -+ (elle”)
D(n) > ee* = .. (46)
(ele'y -+ {e'le™)

The real Lie groups’ for the timespace manifold involve as factors the
causal group D(1) (direct factor, denoted by X), the phase group U(1), and
the special groups SL(C}) and SU(n), respectively. They will be called

external group: GL(CY) = GL(Cy) ° SL(CD
internal group: U(n) = U(1,) ° SU(n) @7
timespace manifold: GL(CR)/U(n) = D(1) X SD(n)

The second direct factor SD(n) = SL(CZ)/SU(n) in the manifold will be
called the Sylvester or boost submanifold. 1t is trivial only for the abelian
case n = 1.

The groups GL(C}) (external) and U(n) (internal) have with the cyclo-
tomic group I, = {a € Clo" = 1} the centers, phase correlation groups, and
adjoint groups®

centr GL(C}) = GL(Cyp) centr U(n) = U(1)
GL(Cp) N SL(CY) =1, ua,) NSun) =1, (48)
Ad GL(Cp) = SL(CP,, Ad GL(C}) = SUm)N,

As a homogeneous space, a timespace manifold has a nontrivial external
action [from left on gU(n) € D(n)] with the causal group and the adjoint
external group

external action on D(n) with D(1) X SL(CR)/I, 49)

and a trivial action (from right) with the internal group (therefore the
name ‘internal’).

"U(1,) = U(1) and D(,) = D(1) denote the scalar phase and causal (dilatation) group in
GL(C}). Here 1(n) is the unit of the C"-automorphism groups.
#The adjoint group of a group is defined as the classes up to the center Ad G = G/centr G.
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There is another, more familiar chain of causal timespace manifolds,
characterized by the orthogonal real structures

s=0: D(1), s= 1: D() X SO*(1, s)/SO(s) (50)

with s = 0 space dimensions. This chain meets the GL(C{)/U(n) chain only
for the two timespace dimensions n? = 1 + s = 1, 4. Obviously, the
orthogonal structures involve an invariant bilinear form for all dimensions.

For n = 2 one has the isomorphy with the orthochronous Lorentz group
S0O*(1,3) and the rotation group SO(3):

GL(C3)/GL(Cp) =  SL(CR)/I, = SO*(1, 3)
Uu@)/u(l) = SUQR)YI, = SO(3) 51
D(2) = GL(CR/U(2) = D(1) X SO*(1, 3)/SO(3)

If one visualizes the real 4-dimensional timespace manifold D(2) embedded
as the strict future cone R(2),. in the Minkowski translations R(2), this cone
has to be foliated® with the hyperboloids SO*(1, 3)/SO(3) (hyperbolic folia-
tion). The causal group D(1) action on the manifold connects different hyper-
boloids by ‘hyperbolic hopping,” whereas the orthochronous group SO*(1, 1)
action on the individual hyperboloids can be described as ‘hyperbolic stretch-
ing’. The Minkowski translations R(2) as tangent structure of the timespace
manifold D(2) can be visualized with a 3-dimensional tangent plane of a
timelike hyperboloid SO*(1, 3)/SO(3) and the tangent line of ‘blowing up’
or ‘shrinking’ this hyperboloid with D(1). The causal order is the ‘foliation
order’ of the positive timelike hyperboloids.

2.3. The Rank of Timespace
A timespace translation is diagonalizable with a unitary matrix
x =x* € R(n): x = u(x) o diag(x) o u (x)* (52)

The relativistic case n = 2 uses, in addition to two Cartan coordinates, two
polar coordinates (¢, 8) from the unit sphere SO(3)/SO(2)

9Take the 3-dimensional projection with hyperboloids SO* (1, 2)/SO(2) with the 2-dimensional
tangent planes.
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X + I%]
1{x+x3 x1—ix;
n=2 = . = u - u(x)*
2 (XI + 1Xy Xo — X3> ( ) 0 xXn — lx} ( ) (53)
cos 9 —e'® sin 9 cos @ sin 0
2 2 - -1, .
u(x) = 0 0 for x = IxI| sin @ sin 6
e sin > cos cos 0

Timespace translations and timespace manifold are isomorphic as real
manifolds

exp: R(n) > D), x - e*

log: D(n) > R(n), d+~ logd (4)
using the exponentation and logarithm of the diagonal matrices
x = u(x) o diag(x) ° u(x)* = e* = u(x) o e438™ o y (x)*
d = u(d) » diag(d) > u(d)* = logd = u(d) ° log diag(d) > u(dy* >
eg., forn =2,
n=2 ekl@HFN2 = ;207 1(2) cosh I_x_l + —=— olx| sinh Xl
2 x| 2
cosh Ixi + cos 0 sinh Lal e "* sin 0 sinh ——I-
o2 2 2 2
- ¢ . X1 x| x|l
o o o xd lxl Lol
e'® sin 0 sinh > cosh ) cos 0 sinh 2
e(;0+u?|)/2 0
= ux) 0 o 0= FN12 u(x)* (56)

For n = 1, one has an isomorphy for the abelian groups D(1) = e® = R.
In the general case, the diagonal matrix for a timespace point contains
the n strictly positive spectral values

egl O “es 0

3 n
d € D(n): diag(d) = 0 e o1 x=X%& (57
r=1

0 0 - et
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which realize n times the abelian causal group D(1). In a nontrivial boost
submanifold SD(n), the group D(1) comes in the self-dual decomposable
representation (‘Prokrustes representation’), isomorphic to the orthochronous
group SO*(1, 1)

E . &
. cosh 3 sinh 2 o2 0
D) =8S0*(1,1) 3 d§) = £ £ = 0 e-
(58)

sinh 2 cosh 2

d2
—_— + =
( a2 1 )d % =0
The unitary diagonalization transformation is determined up to the diago-
nal phases
u(d), u(x) e SUm/U(1)"! 59

Therewith, timespace is isomorphic—as manifold—to a product of non-
compact causal groups (Cartan subgroup) and a compact manifold

GL(C)/U(n) = D(n) = D(1)* X SUn/U)Y*!

SL(C2)/SU(n) = SD(n) = D(1)*~! X SUn)Y/U(1)"! (60)
and for the timespace translations
log GL(C®)/log U(n) = R(n) = R" X SU(n)/U(1)*"! 61)

The abelian group D(1)” and its Lie algebra R” constitute the Cartan skeleton of
the timespace manifold D(n) and the timespace translations R(n), respectively.

The ranks (Helgason, 1978) n and n — 1 of the homogeneous manifold
D(n) and SD(n), respectively, have to be seen in analogy to the rank of a
Lie algebra or its Lie group, e.g., ranks #» and n — 1 for U(n) and SU(n),
respectively, with the manifold factorizations

U(n) = U(1)* X SUn)/U(1)"!

SU(n) = Uy~ X SUMmYU(LY—! (62)

2.4. Tangent Structure and Poincaré Group
A timespace D(n) and R(n) analysis is interpreted and performed with
the linear forms (dual space'®) R(n)” of the timespace translations containing

10y7 denotes the dual vector space (linear forms) for a vector space V with the bilinear dual
product V7 X V - C, (w, v) = o).
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the weights (collection of eigenvalues). The linear forms will be called the
Jrequency (energy) space for n = 1 and the energy-momenta space for n =
2. In the representation by the matrix algebra C(n) the ‘double trace with
one open slot’ describes an isomorphism between translations and energy-
momenta.

R(n) — R(n)’, gr g=trqe- - (63)
dual product: R(n)T X R(n) = R, (. x)=trgeox

With generalized Pauli matrices one has a dual bases

R(n)-translations basis:  {p(n)/ }}'ia‘ = {% , (—I%Qi}

n2

a=1

(64)

’.’2_1 =

R(n)T-energy—momenta basis:  {p(n);}/=g {1(n), o(n)* 22;1‘
dual bases: tr p(n) ° p(n), = &}
The Cartan coordinates {£,}7-, for the translations have their correspon-

dence in Cartan masses { ., };—, for the energy-momenta, positive for positive
energy-momenta

g 0 - 0
0

qgeRW: g=u@g| ™ u(g)* (65)
0 0 -

q>0callp, =0

The external group GL(C}) action on the causal manifold D(n) induces
a faithful action of the adjoint external group Ad GL(Cg) = SL(CR)/I, on
the tangent structures. This defines the Poincaré group as semidirect product
(symbol X,) of the adjoint external group and the additive vector space groups

Ad.s: R(n) = R(n), Adys(x) = soxos*
s € SL(CR): {AdS: R > R, Adws(g) =5°ges. (66)
with § = s ~1*

POIN(n) = SL(CR/1, X, R(n)

In contrast to the direct product structure D(1) X SD(n) of the causal
manifold, a decomposition of the timespace translations into time translations
T and space translations S (n — 1) or of the dual space into energy and
momenta is incompatible with the action of SL(C")/L, for n = 2, it is only
compatible with the action of the adjoint compact subgroup SU(n)/L,.
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Two remarks are in order: In general, the adjoint action of a Lie group
G on its Lie algebra log G can be characterized by I — Adg(l) = glg™!
leading to the semidirect product Ad G X, T (G). The abelian normal subgroup
T(G) is the vector space structure of the Lie algebra log G = T(G), i.e,
a nonabelian Lie bracket has to be ‘forgotten’ (Bourbaki, 1989) for the
translations 7 (G).

In the case of a group with conjugation *, the involution g —» ¢ = g ~!*
is a group automorphism with the *-unitary group U(G,*) = {u € Glu* =
1~} as invariants. Correspondingly, the Lie algebra log G of a complex
finite-dimensional Lie group with conjugation * is the direct sum of the
isomorphic antisymmetric and symmetric real vector spaces log G- with
1% = *[.. Here log G_ is the real Lie algebra of the unitary group U(G, *).
In order to be compatible with the conjugation g — g* and / — [*, the adjoint
action has to be modified to / — Ad.g(l) = glg*. For the *-unitary subgroup
U(G, *), one has Ad u = Ad.u. Both subspaces log G. remain stable. The
emerging semidirect adjoint group is Ad+G X log G, with the additive group
structure of the vector space log G, = log G/log U(G, *). For all adjoint
actions, the abelian center of the group is represented in the semidirect product
via the additive structure of the translation factor.

For time alone, n = 1, the Poincaré group is the additive structure of
the time translations

POIN(1) = R(1) = log D(1) 67
In the familiar relativistic case, n = 2, with
POIN(2) = SO*(1, 3) X, R(2)

R(2) = log D(1) @ log SO*(1, 3)/log SO(3) (68)

the Minkowski time-, light-, and spacelike translations are isomorphic to
homogeneous manifolds with characteristic fixgroups (‘little’ groups) for
the translations

R(2)sime = D(1) X SO*(1, 3)/SO(3) = GL(CR/U(2)
R(2)iighe = SO*(1, 3)/SO(2) X, R? = SL(CR)/U(1) X, Cg
R(2)spaceMO} = D(1) X SO*(1, 3)/SO*(1, 2) = GL(CR/U(1, 1)

(69)

The semidirect product SO(2) X, R? fixgroup of the lightlike translations is
the Euclidean group.!!

'For the Poincaré group SO* (1, s) X R!** with s = | space dimensions the corresponding
fixgroups are SO(s) (timelike), SO(s — 1) X, R*~! (lightlike), and SO*(1, s — 1) (spacelike).
The lightlike translations fixgroup for s = 1 is trivial {1}.
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For the case n = 2, the disjoint decompositions of the spacelike and
timelike manifolds into (n — 1) submanifolds (Section 2.1) reflect different
unitary fixgroups

R(m, n — M)gpace = GL(CR/U(m, n — m)
n=2 4{Rm,n—1— mg = SLCRH/UMm,n — 1 — m) X, Cg"!
m=1,...,n—1
(70)

The fixgroup U(n) for the action of the external group SL(CZ)/I, on the
strictly positive translations R(n)g,. should not be confused with the internal
group U(n) which acts trivially (from the right) on timespace GL(CE)/U(n).
A group G acting from the left on the subgroup classes gU e G/U has an
U-isomorphic fixgroup for any point gU.

3. REPRESENTATIONS FOR TIMESPACE

The solution for an experimentally oriented formulation of a timespace
dynamics requires an analysis, e.g., of a symmetry invariant, with respect to
the operations used in the definition of a timespace manifold D(n) =
GL(CQ/U(n). Starting from a purely algebraic framework, one can even say
that an analysis with respect to time or timespace representations introduces
the time or the timespace dependence of quantum mechanical operators (von
Weizsicker, 1993) or relativistic fields.

For a solution of a dynamics, the involved nondecomposable representa-
tions of the external-internal real Lie group

GL(Cp) X U(n) 1

have to be determined. The eigenvalue and eigenvector problems to be solved
in a quantum structure is classically expressed by equations of motion. The
eigenvalues (weights) for the action of a real Lie group are linear forms of
the Cartan subalgebra and, therefore, have to be real. All weights (collection
of eigenvalues) form a subgroup, discrete or continuous, in the additive group
of the linear forms on the Lie algebra of the external-internal group.

The theorem that two diagonalizable finite-dimensional endomorphisms
f, g are simultaneously diagonalizable, i.e., have a common eigenvector basis,
if, and only if, they commute with each other [f, g] = 0, is the mathematical
formalization of a central quantum operational structure. However, operators
cannot be identified with states, mathematically: In general, endomorphisms
fof a complex finite-dimensional space allow only a Jordan triangularization,
i.e., no eigenvector basis. In general, the nondecomposable representation
spaces of the external-internal group can be spanned by principal vectors.
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Irreducible representations are a special case; their vector spaces can be
spanned even by eigenvectors (diagonalization in the semisimple case).

For n = 1 with time as the causal group D(1), one has a dynamics for
mass points (mechanics) where a Hamiltonian H representing—or defining—
the time translations R(1) as generator of the causal group is analyzed with
respect to the involved representations of time D(1), illustrated by the equation
of motion da/dt = [iH, a] for a quantum operator a, e.g., position X or
momentum P. For example, the Hamiltonian for the N-dimensional isotropic
harmonic oscillator H = (P? + X?)/2 as SU(N)-invariant or the hydrogen
Hamiltonian H = P?%2 — 1/X as an invariant of the group SU(2)X SU(2)/
I, = SO(4) (elliptic bound states) or SL(C3)/I, = SO*(1, 3) (hyperbolic
scattering states), both subsymmetries of SU(2, 2)/I, = SO(2, 4). The time
dependence of quantum operators can be introduced (defined), e.g., by a(r)
= e‘"‘ae‘””.

For relativistic fields, n = 2, with the homogeneous timespace D(2) =
GL(C}/U(2) and the tangent Minkowski translations R(2), a dynamics ana-
lyzes an interaction with respect to the external-internal group, e.g., the
analysis of invariant gauge vertices like W vy, A W with fermion and gauge
degrees of freedom W and A, respectively in the standard model of elementary
particles. Involving both noncompact and nonabelian structures, this much
more complicated analysis works with representations of the external non-
compact causality D(1) and Lorentz SL(C}) properties as well as internal
compact hypercharge U(1) and isospin SU(2) properties, as expressed by
field equations, e.g., v, 0OW/ox, = i¥ (W) = iy, AMW,

3.1. Representations of the Causal Group

Any dynamics requires a causal analysis with respect to the group D(1)
= {e"r € R}.

All D(1) representations (Boerner, 1955; Saller, 1989) can be built from
nondecomposable representations. The finite-dimensional, nondecomposable,
unitary complex representations e’ — (Nim)(t) of the real Lie group D(1)
are characterized by positive integers N € N for the dimension 1 + N of
the representation space and a real number m—a frequency (energy) for time
and a mass for timespace—from the dual group, the linear frequency (mass)
space log D(1)7 = R. They involve a power 1 + N nilpotent part Ay (nil-
Hamiltonian) nontrivial for N # 0,

N=0,12,...
D(1) 5 e = (Nlm)(t) = e™e™  with J(AWY #0, N#0 (72
(AN)1+N =0

(Nlm)(7) = e Andldmgimt tr(Nlm)(1) = (1 + N)e™"



Realizations of Causal Manifolds by Quantum Fields 2803

The following explicit examples with nilcyclic matrices Ay illustrate the
abstract structure:

Olm)(t) = '™

_fl ity .. 1 ANdldm\ ..

1 vt (A2 1 Ndlidm (\*2!) d¥dm?
Cm(r)=(0 1 Nt e =10 1 N dldm e imT
0 0 1 0 0 1

0 1 01 0
AO = 0, Al = )\(0 0), A2 =0 0 1
0 0 O

To take care of the real structure of the causal group D(1), a complex
D(1)-representation has to be a 1-dimensional subgroup of a unitary group.
Therewith the constant m has to be real in nondecomposable representations.
The D(1)-images for the 1-dimensional representations ((im) for m # 0O
(harmonic oscillator) are isomorphic to U(1). The representations (11m) (e.g.,
a free mass point for m = 0) have real 1-dimensional faithful images in the
indefinite unitary group U(1, 1), (2Im) in U(2, 1), (3Im) in U(2, 2), etc. We have

N, +N_=1+N

I, N=0,2,... (74)
0, N=13,...

(Nim) in UN,, N-) - withy

In addition to the discrete dimension 1 + N, the nondecomposable causal
representations involve two continuous constants, m and A: Only the frequency
(mass) m is an invariant of the causal group D(1). It is the causal unit of the
representation. The matrix form of the nilpotent Ay and the real constant'?
A # 0 are determined up to equivalence gAyg 7'

Representations with opposite frequency (mass) (NiE m) are dual to
each other and nonequivalent for m? > 0. The self-dual, m2-dependent

formulation contains two dual representations, e.g., in SO(2) for N = 0

©Im)(=) D (0l — m)(7)

_ Ipoy e 0 \_ /[ cosmr (i/m)sinmt
Ol *)(r) = ( 0 e“”") - (im sin mT cos mT (73)

2E.g., for N = 1 with A; = A J) the constant \ is transformed with g = (§* %-o) to A =~
e?\. A similar structure (Becchi et al, 1976; Saller, 1991) is used for the ‘gauge-fixing
constant’ in quantum gauge theories. The gauge-fixing constant has to be nontrivial—its
value is physically irrelevant. The gauge structure in the BRS formulation is nilpotent.



2804 Saller

Only the positive unitary 1-dimensional representations (Olm) are irre-
ducible; they are unfaithful-—the U(1)-represented time is periodic. The indef-
inite unitary faithful representations (Nlm) for N = 1 are reducible, but
nondecomposable. The lowest dimensional faithful D(1) representations (11m)
will be called fundamental.

The pairs (Nim) with a positive integer (dimension) and a real number
(causal unit) form the abelian representation monoid of the causal group for
all equivalence classes of nondecomposable causal representations

mon D(1) = {(Nm)N=0,1,...,me R} =N XR
(N1|m|) + (Nzln’lz) = (Nl + N2|ml + m2) (76)
neutral element: (010)

The weight group of D(1) is the regular subgroup of the representation
monoid, it characterizes the irreducible representations of the causal group

and is the dual space log D(1)7 of the causal translations log D(1)
grp D(1) = {(Oim)lm € R} =R
mon D(1) D grp D(1) an

The U(1)-weights (oriented winding numbers) for the compact quotient
group U(1) = D(1)/e* form a discrete subgroup, the representation group
Sfor U(1)

gpU() = {0122 e 2} = Z (78)

3.2. Representations of GL(Cg)

All irreducible complex representation of the real abelian Lie group
GL(Cg) = D(1) X U(1) are 1-dimensional and characterized by an integer
winding number [U(1)- weight] and a complex number

o#2
GL(CR) 39 = e1+ia — |6|im(%> — 8(im+z)/28(im—z)/2 — eim—reZiu
(79)
m;Z)y e CXZ
Complex representations of real groups have to be unitary. Unitary
irreducible D(1)-representations are necessarily positive unitary. All unitary
irreducible representations have a real causal unit m [D(1)-weight]

grp GL(Cp) = grp D(1) X grp U(1) = {(m; 2)} =R X Z  (80)

As seen in the previous subsection, the group of the GL(Cg)-weights is the
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regular group of the GL(Cy)-representation monoid for all equivalence classes
of the unitary nondecomposable representations

mon GL(Cg) = mon D(1) X grp U(1) = {(Nlm; Z)}
=NXRXZ (81)
mon GL(Cg) D grp GL(Cg)

3.3. Finite-Dimensional Representations of SL(C})

All complex representations of the compact real (n2 — 1)-dimensional
Lie group SU(n), n = 2, are decomposable into irreducible ones which have
finite dimensions. The irreducibie SU(n)-representations are characterized—
according to rank (n — 1) and Cartan subgroup U(1)"~!—by (n — 1) positive
integers with the additive SU(n)-representation monoid for the equivalence
classes

mon SU(n) = {[2/), ..., 2/,.1]|2/, =0, 1, ...} = N~} (82)

The positive integers reflect the N-linear combination of the (n — 1) funda-
mental representations [1,0,...,0],...,[0,...,0, 1], e.g., the Pauli spinor
representation [1] for SU(2) or the quark and antiquark representations
[1,0] and [0, 1] for SU(3). The adjoint representation [1,0, . . . , 0, 1] is faithful
only for the adjoint group SU(n)/1,, e.g., the adjoint SU(2)-representation [2]
for SO(3) or the SU(3)-octet representation [1, 1] for SUB)/L;.

The SU(n)-representation monoid is the positive cone (dominant
weights) in all SU(n)-weights which constitute a discrete subgroup in the
linear forms log SU(n)” of the Lie algebra

grp SUM) = ([2), - . - » 21112k € Z}
= grp UQQ)" ' = 27! (83)
mon SU(n) C grp SU(n)

The integers {2j,}7={ can be related to the winding numbers of the Cartan
U(1)’s involved. Since SU(r) are simple groups, they come in self-dual SO(2)
representations. Especially for SU(2) the half-integers (J, j) e N/2 X Z/2
are called spin and its third component.

The defining representation with a complex n-dimensional representation
space can be written with the generalized Pauli (Section 2.1) matrices

[1,0,...,0l(a) = eion)2 (84)
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where the Cartan subgroup U(1)"~! is represented with the (n — 1) diago-
nal matrices

ia(n)e-1

Uyt = {exp 2 o2, loe_, € R} (8%)
=2

Taking together the diagonals of the (n — 1) matrices {%o-(n)"z“}Lz, one
obtains the n weights {w,};-, of the defining SU(n)-representation in the real
(n — 1)-dimensional weight space. In the normalization'® with the Pauli
matrices, the defining weights occupy the corners of a regular fundamental
simplex, centered at the origin, as expressed by the [(n — 1) X n]-matrix

weights [1, 0, .. ., 0] = simplex (n)

[u—

=
v—a&‘
NS

1

ws

=
&liw %Il'_ &I"‘
-

0 1

ws 7z

fwllt ve JB) |
cee 2 0 0 _i 1
\wn) ‘/6

5/—\
=
N

=,
| ¢
[

0 0 0 -
n
2] ]
> w.=0
r=1
we — wil = 8 (86)
n—1
vl = /"5

3The integer winding number normalization arises with the basis (‘/(’2‘—)(r(n)"2 e,
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All complex finite-dimensional irreducible representations of the simple
Lie group SL(CR), n = 2, are characterized—according to the Cartan subgroup
GL(CR)" '—by 2(n — 1) positive integers, interpretable as (n — 1) ‘left’
and (n — 1) ‘nght’ winding numbers

XmonﬁnSL(Cﬁ) = {[2L|, ey 2Ln_1|2R,,_1, ey 2R1]|2Lk, 2Rk € N}
= mon SU(n) X mon SU(n) = N"~! X N#~! @N

reflecting the N-linear combinations from 2(n — 1) fundamental representa-
tions (one 1, elsewhere 0). Also, the weight group is the ‘square’ of the
weight group for the unitary subgroup

XgrpﬁnSL(Cﬁ) = {[2lla ey 2ln—112rn—la ceey 2rl]|21k’ 2rk € Z}
= grp SU(n) X grp SU(n) = 7! X 7"~ (88)
Xmong,SL(C}) C Xgrg,SL(CR)

The finite-dimensional irreducible SL(Cg)-representations are not necessarily
unitary. However, the monoid and the group allow a conjugation

[2L1, ey 2L,,._1|2R,,_1, ey 2R1]X = [2R1, ey 2R,,_1|2L,,_1, ey 2L1]
[211, N 21,,_||2r,,_1, ey 2"|])< = [2"1, ceey 2",,-]'21,,._1, ey 211] (89)

The equivalence classes with respect to this conjugation characterize the
equivalence classes of the finite-dimensional irreducible representations of
the complex group SL(C").

The conjugated pair of the two defining finite-dimensional SL(Cg)-
representations uses the Pauli matrices, e.g., for n = 2 the left- and right-

handed Wely representations [110] and [0/1]
[1,0,...,0l0,...,0,0](x, a) = ¢Uatiaado/2
[0,0,...,010,...,0, 1](x, o) = ¢ ~Gaticaot2 ©0)

These representations are not unitary, they are equivalent for the complex
group SL(C").

Only the self-conjugated irreducible representations are also unitary
(indefinite unitary). They define the representation monoid and weight group
for the adjoint group SL(CR)/L,:

mon SL(C)/L, = {[2/y, ..., 20,1120, —y, . . ., 2./1]|2.Ik e N}
= N"! 20
grp SL(CY)/T, = 7!

with the (n — 1) fundamental representations [1,0, ..., 010, ..., 0, 1], etc.
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The conjugation-compatible analogue to the real (n? — 1)-dimensional adjoint
representation for SU(n) is the irreducible unitary representation of SL(C})
on a real n2-dimensional space, €.g., on the timespace translations R(n) =
log GL(CY)/log U(n), faithful for SL(CR)/L,, i.e., in the case n = 2 for the
Lorentz group [SO* (1,3)]

X -adjoint representation: [,1,0,...,010,...,0, 1]
n=2 [11]

The n2-dimensional indefinite unitary irreducible SL(C})-representation is
called the defining representation of the adjoint group SL(CR)/L,, e.g., the
Minkowski representation of SO* (1,3) on R(2).

Any representation of SL(CR) is a representation for SU(n)—in general
decomposable—and gives—by the quotient of the represented groups—a
realization of the Sylvestei manifold SD(n) = SL(C{)/SU(n), e.g., for n =
2 with the Pauli matrices o and the Lorentz boost matrices B

[110](x) = €92, [011)(x) = e %"

92)

0 Xy X2 X3
- 0 0 O
_ 78 —)—-): X
[1H](x) = €**, xB x, 0 0 0 93)
X3 0 0 0

3.4. Irreducible Representations of SL(C})

As shown by Gel’fand and Neumark (1957; Gel’fand et al., 1966;
Neumark, 1963), all irreducible SL(C§)-representations can be characterized
by the irreducible representations of the Cartan subgroup GL(Cg)" L.

To illustrate the case n = 2: The representation spaces of

SL(CR) = {\ = &+ = ("; Ba)|det A =1} 94

are subspaces of the complex vector space C? = {f: C? - C} with the
complex-valued mappings on the vector space C2. The SL(C})-action is
induced by the defining representation on C?

C? i) C?
fl Wh o f@L ) =fAT e (21, 22)) (95)

C — C
idg

Aoz, 22) = (2, 22N = (24, Zz)(
oS = a0 )

o« B

¥ 8) = (az; + ¥z2, Bz; + 822)



Realizations of Causal Manifolds by Quantum Fields 2809

The irreducible SL(C#)-representations use the irreducible representa-
tions of its Cartan subgroup GL(Cg) on the subspace of the mappings which
are (v; — liv, — 1) homogeneous with respect to a ‘relative’ GL(Cy) for
the two components z, »

Cuy = (f € CYf(21, 822) = 817'8"7(z,, 2,) for & € C)

im+ Z v =im—Z
2 2 2 (96)
m; Z) = (—i(vi +v;vy — 1) e CXZ

. vy =
with

Those functions involve an integer winding number *Z (spin Z/2) for the
‘relative’ phase group U(l) C SU(2) and a complex number m for
the ‘relative’ causal group D(1) C SD(2) = SL(C3)/SU(2). Since the
(v; — llv, — 1) homogeneous mappings have the orbit properties

f(z, ) = 23717 ‘f( ) 97

the group SL(C}) acts on the corresponding vector space
F© =fC 1) e C?={F:.C—- C} (98)
in the following form:

A = D™D(N),  F = D@DOYF) =

_ pofal + m{BL + O
W) = (BC n S)IBC + 3l (BC n 8) (99)

F(gg - 8)(3@ + 9@ F B!

The pairs (m;Z) € C X Z characterize all irreducible complex representa-
tions of SL(C}), not necessarily umtary The finite-dimensional irreducible
SL(C3)-representations of the previous subsection arise with an integer imagi-
nary ‘causal number’ m

mZ)yeiZ XZ
X grpaSL(CR) = {[vil — v;] = [212r])
=grpSUQR) X grpSUQQ)=Z X Z (100)
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As to be expected from the abelian group GL(Cg), the unitary principal
irreducible SL(C})-representations are characterized by a real causal unit
m (mass)

grpprincSL(C%{) = {(m’ Z)}
=grp GL(CR) =R X Z (101)

which reflects the U(2)-unitary representations (conjugation *) of the Car-
tan subgroup
e(x3+ia3)0'3/2 -y = e(imx3+iZa3)c3/2
102
mZ)e RXZ=u*=u""'e U(l); CSUQ) (102)
The unitary representations with trivial causal unit m = Q are the finite-
dimensional self-conjugated representations of the previous subsection

©; 4J) = [2J12J] (103)

Those massless indefinite unitary irreducible representations with the defining
4-dimensional Minkowski representation [2J12J] = 2J[1I1] are used for
gauge fields in relativistic field theories.

With respect to the indefinite unitary group U(1,1) with conjugation X

b =0 o 6 )68 e

diagonal representations of the Cartan subgroup in SU(1, 1) have to be of
the form

(m; Z) = (ip; 0) € iR = u = e ™72 ¢ SU(I, 1) (105)

leading to the unitary supplementary irreducible SL(C%)-representations with
trivial winding numbers and an imaginary causal number ip

gPuupptSL(CH) = {(ip; 0)} = iR (106)

The equivalences classes for the representations in the principal and
supplementary series are given in Neumark (1963), Gelfand and Neumark
(1957), and Gel’fand et al. (1966). For the positive unitary representations'*
one has to discuss also the scalar products for the representations spaces,
especially for the supplementary series.

The generalizations for SL(C}), n = 2, with Cartan subgroup GL(Cg)""!,
are given for the principal representations with (n — 1) real causal units and
(n — 1) integer winding numbers

14Already Gel’'fand and Neumark (1957) call the requirement of positive unitarity for
SL(C})-representations ‘in a certain sense unnatural’.
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grpprincSL(Cﬁ) = {(ml» cees My le e Zn—l)}
= grp GL(C" ' = R*' X 7! (107)
(O, [P 0, 2.’1, ceey 2.’,,..1) = [2]1, ceny 2.],,_1'21,,_1, ‘e 2.]1]

The supplementary series has to take into account the diagonal
[U(1, 1)] structure

einlx+iZa 0
( 0 eHmiZ,,) eU,1) for mZ)eCXZ (108)

Therewith the supplementary weights are characterized by coinciding winding
number pairs and conjugated causal numbers [more details are given in
Neumark (1963), Gelfand and Neumark (1957), and Gel’fand et al. (1966)]

my,....me;2Z,,...,Z,.;) € C1 x 2!
with entries (m, m; Z, Z) (109)

4. ENERGY-MOMENTA MEASURES

As to be expected from their Cartan subgroups GL(Cg)""!, n = 2, also
the groups SL(C}) have reducible, but nondecomposable representations as
first discussed by Shelobenko (1958, 1959).

Therewith, I suspect'® that the GL(CR)-representation monoid with real
causal units for the equivalence classes of all unitary nondecomposable
representations is given by the representation monoid for the Cartan subgroup

mon,i GL(CR) 2 {(Ny, ..., Ndmy, ..., m,; Z,, ..., Z)}

= mon GL(Cg)" = N" X R" X Z* (10)
One has for the weight groups with real causal units'®
8PprineGL(CR) = ((my, ..., my; Zy, ..., Z,))
= gip GL(Cg)" = R* X Z"
(111

grp U(n) = {[Zl, sees Zn]}
= grp U(1)" = Z7

15 A mathematically rigorous classification of all nondecomposable unitary representations of
GL(C}) for n = 2 would be appreciated.
X
o With U(n) = w
factors, e.g., relevantnfor the isospin-hypercharge correlation in the standard model (Saller,
1992b).

, one has to take care of the phase correlations for both unitary



2812 Saller

If such a conjecture is true, one is led to the suggestion for the harmonic
analysis of the causal timespace manifolds

MOninD®) Z (N, ..., Nolm, ..., m,))
= mon D(1)" = N* X R* (112)

i.e., the nondecomposable realizations of the homogeneous spaces D(»n) would
be characterized by n natural numbers N, € N for the dimensions (discrete
invariants) and »n causal units m; € R (continuous invariants).

In this section, I shall try to make those structures concrete, following
the analogies to the abelian case used for the Cartan subgroups.

4.1. Algebra of Causal Measures

Since representations of the causal group are characterized by a continu-
ous real invariant m (mass), it is appropriate to use a Lebesque measure on
the Lie algebra linear forms. The causal representations (N1m) are expressible
with Dirac distributions (point measures) 8,, = &(m — W) and their deriva-
tives, €.g.,

Olm)(7) = fdu d(m — wye™

(Lm)(7) = Jdu. (S(mo_ W) )\sa(ilm__ul-;))e ipT (113)
2
8(m —p) AN&'(m— p) %8”(m — 1)
@mim = f Wl o0 sm-w Nm-p [
0 3(m — )
etc.

A causal measure of the mass space log D(1)7 = R for the analytic
manifold D(1) is defined by its property to define a function, analytic in the
causal translations T € R

e’ - J dp h(p)e ™™ (114)
A measure can be multiplied with a complex number. Two measures can be

added and multiplied via the 8-additive convolution, induced by the composi-
tion in the representation monoid

(h* h'Y() = J dpy dpo A3y + o — WA (po) (115)
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Therewith the causal measures means R have the structure of an abelian
unital algebra with the unit given by the underived Dirac measure for trivial
frequency (mass) Jp.

A causal measure Ay has the momentum N € N if it obeys the conditions

N=0: measyR = {hol f dp. ho(p) # 0} (116)

fduukh,v(p.)=0, k=0,...,.N—1
N=1: measyR = { hy
fduu”hzv(u)vﬁo

with the Dirac point measures as examples
M(im — p) = 8P e measy R (117)

The normalization [ dp k() of a causal measure reflects the representation
of the causal group unit 1 € D(1). Its first causal momentum will be called

causal unit: m = J dp ph(p) (118)

With respect to the possibly indefinite unitary causal representations, e.g.,
(1lm) in U(1, 1), the measures are not required to be positive definite. This
feature has to be taken care of in the probability interpretation of quantum
theories. It will be discussed in connection with the spacelike supported parts
of a propagator, i.e., with respect to the in- and outgoing particle interpretable
causal representations (Section 5.3).

The functions arising in the quantization of linear fields (Section 1.2)
have the D(1)-analysis

&) = | du hipwes
(119)
1
— 31 - 2(1_ 2n—l/2, Jd h(n) =1
Any dynamics determines a subalgebra of the causal algebra, e.g.: The
subalgebra meas, R is related to the measures for irreducible causal representa-
tions. Its subalgebra log D(1)” = R uses only the point supported Dirac
measures log D(1)7 = {§,}m € R}—it is the algebra for the irreducible U(1)-
representations of the causal group (positive unitary characters). Its discrete
subgroup with the integers {3,,|z € Z} = Z is used for the time development

M) =
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of a harmonic oscillator with frequency m. Any subset of the causal measure
algebra together with the unit generates a subalgebra. Such a set may be
used in a perturbative approach to generate the full subalgebra, associated
to the dynamics to be solved. For example, the 2-elementic set {3.,,lm #
0}, associated to the irreducible representations e =™, generates the causal
subgroup Z and the associated representations for the quantum oscillator.

4.2. Representation Structure of Linear Fields

Linear field theories on the 4-dimensional timespace R(2) (Section 1.2)
are not compatible with the algebra structure of causal measures. Fields with
distributive quantization cannot be used as a generating set. The divergencies
in Feynman integrals, e.g., in the vacuum polarization of quantum electrody-
namics, involving the undefined product [y,c(mix) + is(mlx)]?, show that
the convolution product does not make sense for linear fields.

In the distributive quantization of quantum fields (Section 1.2), one uses
the naive analogue of the 1-dimensional time D(1) structure

i .
cosmt  —sinmf
OllmH() = m

imsinmt  cos mt (120)

cos mt )
— iqo!
(, sin m,) [d% &(m* qo)é(tlo)( ) a
given by the Dirac measure of the energy-momenta and a frequency g analysis

— Jm* + ¢%) + 8(go + Jm* + ¢%)

29

5
d*q d(m? — q%e(qo) = d>q dq 4
(121)

The measure, integrated with an irreducible representation ¢ e U(1) of
the additive translation group x € R(2), describes the quantization of linear
particle fields

cK(mix) is(mls))

is(mlx) ct(mlx)

ck(mlx) K o
(tS(mIJC)) I(z X 8(m? — 412)6(610)( ) ¢

(Oltm*)(x) = (
(122)
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These integrated translation representations are space distributions of repre-
sentations of the causal group D(1)

D(1) 5 e™ fd3x((0llm2))(x) = 0llm?)(xg) = (

Skcos mx, i sin mxg
isinmx, Sfcos mx,

(123)

Such a time-oriented analysis and—in the Poincaré group—the Wigner
classification are appropriate for the particle interpretation of a field theory
(Section 5.3). With respect to the timespace manifold D(2) = D(1) X SD(2),
the representation of the Sylvester factor SD(2) = SO*(1, 3)/SO(3) is not
adequately taken into account—this negligence is the main reason for the
divergence problems working with linear quantum fields.

The realization of the Cartan group D(1) = SO* (1, 1) in the Sylvester
factor for linear fields can be seen for the manifolds D(1) X SO*(1, 5)/SO(s)
as follows: The SO*(1, s) scalar contribution in the quantization of linear
fields (Section 1.2)

1+s l+s eiqx

Qmy o @2 — mdp
(124)

is(mlx) = j‘(lz )‘5 d(m? — qHe(qy)yme” = (Xo) J

shows the time D(1)-representation properties by the space integral
J d*x s(mlx) = sin mx, (125)

whereas the realization of D(1) in the Sylvester factor for s = 1 shows up
in the ordered time integral

d’q e—iz}'f
deo e(xp)e(m)s(mlx) = 2im| J P
QuYq*+m (126)
Pl for s=1
=4 Iml

—1m| —
oy e for s=3
For s = 1, the orthogonal manifold D(1) X SO"(I 5)/SO(s) is isomorphic
to the group D(1) X D(1) with elements exp(xo le) Here the exponential
exp(—lmxl) represents the space D(1) > exp(— le) For s = 3, the Yukawa
potential is no representation of D(1) C SD(2) = SO*(1, 3)/SO(3).

4.3. Point Measures for Energy-Momenta

For the generalization of the nondecomposable representations (Nlm) of
the abelian group D(1) to realizations (Ny, ..., N,Imy, ..., m,) of the
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homogeneous timespaces D(n) with the Cartan subgroups D(1)", it is conve-
nient to use the residues of loop integrals for the linear forms R(n)7 (energy-
momenta) of the timespace translations R(n)

(_i)i)k imT o Z\_k Ky — it — _1__§ ___)\_k_ int
K Mg O e = G M e

(127)

with a nontrivial constant A e R. Therewith one has as integrands for the
(1 + N) elements of a D(1)-representation

D(1) 3 e™ = (Nim)(7)
NG

—— pipT H —
dp. = e withk=0,...,N (128)

For example, the fundamental complex 2-dimensional D(1)-representations
use both poles and dipoles

A
~ 1 INT imT =_l_ d}L 1 ‘—_— i
(Lim)(r) = (O | )e 7l S L e a2

The structure of the poles, i.e., the location and the order of the singularit-
ies, reflects the continuous and the discrete invariant of the D(1)-representa-
tion (Nlm). The irreducible representations have the irreducible measures
dp/(p. — m); an additional nontrivial 7 dependence is expressed by the
nondecomposable measures dp. \/(. — m)'**, reducible fork = 1, ..., N.

The representation elements of D(1)* with Cartan coordinates {£,}"-,
are products of loop integrals

ekl ... 0

D(1)y s et = = (Nilm)(§) @@ (N,Im,)(&,)
0 cer obn

GNED - NE™ e v tmyt
ky!--+k,!
1 jg 4
Qmwi)" “’ (g = m)! R, — my) 't

with {k,=0,...,N,

(130)

NEUE ™ Hhngill 1+ )

r=1,...,n
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As illustrated in the previous subsection, the conventional relativistic
field quantization for n = 2 uses only D(1)-representations of the determinant
in U(1)

D(1) 5 det e§ = €817t = % im0 ¢ (1) (131)

The correspondingly frugal analogue for the compact group U(n) is given
by its U(1)-representations with only one winding number Z € Z

eiBl “es 0
Un) DU 3 e® = — Bt *Bn) e (1)
0 vee eiBn
(132)

unfaithful for n = 2.
If the Cartan subgroup D(1)" is realized in the homogeneous times-
pace D(n)

D(1) - D(1)" - D(n) (133)
using Lebesque measures for the tangent structures
dponR = d"w = du, - dp,on R* = d”gon R(n)T  (134)

the n Cartan masses (m,, . . ., m,) for the GL(Cg)-weights come as poles of

the SL(C})-invariant determinant det g = ¢” with the nth powers m" of the

causal masses

n n2

= d p‘ eil"igi [N d q

w—m (1 — mp) (e — my) (@" — m9--@" — my)
(135)

iqx

dl'l‘ eip.'r

In the conventional field quantization for n = 2 only one continuous
invariant is used (Section 1.2)

g o, LG i (136)
n—m q" — m

The invariance group of the irreducible point measures for the D(n)-
realizations

d "2q

(@" —m")(g" = mp)’

my,...,m,) e R* (137)
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is the adjoint group SL(C")/I,. The singularities arise for the invariant
energy momenta

1 f =1
b(g) = (g)i(det g)" ={§(q0)ﬁ(qz) 7 for mo2 (139

i.e., one real pole for odd rank » of timespace and two real poles with opposite
sign for even rank

pomt = (= m(t T+ mpt T e m Y

ne n_Jim}  for n=1,3,...
{u(9) € Rlug)" =m '{{:m} for n=2,4,_._}gm1,,

(139)
Therewith for even rank, e.g., for the relativistic case, the representations are
m2-dependent.

The nonabelian compact properties in D(n) = D(1)* X SUn)/U(1)* !,
nontrivial for n = 2, have to be realized via tensor product polynomials
g ® ... ® g of degree 2J € N in the energy-momenta, placed in the
numerator of the integrand

A Atk NI (g @@ @) times
_%
(|L . m)k (“‘I _ ml)l+kl'"(p‘n _ mn)l+k,,, i (qn — mrlz)l+k|__,(qn _ m:)H-k,,

with 2J = (n — Dk, +---+ k,)
(140)

Therewith the relevant integrands for the realization of a timespace point
d e D(n) are given with its translations x = log d € R(n)

D) s e~ N, ...,NJdmy, ..., m)Kx)
n2 )\k|+--~+k,,(q ®---® 61)21 times
(qn — mrll)l+k1...(qn —_ m:)l+k,,

k,=0,...,N,
with {r=1,...,n (141)
2J = — )k +-+k,)

iqx

4.4. Realizations of Relativistic Timespace

The representations of the rank 2 relativistic timespace manifold D(2)
= D(1)? X SU(2)/U(1) involve two Cartan masses (m;, my) € R? for the
Cartan subgroup D(1)?,
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D) 2 e* = (Ny, Nylm,, my)(x)

ky+ky . =
d4q A (q ®---® q)(k|+k2)tlmes i with kl : 0,..., N, (142)
(q2 — m2)l+k|(q2 — m%)sz k2 = 0, e, N2
The scalar representations use the irreducible scalar measures
D(2) 5 e* ~ (0, Olm,, mp)(x)
d*q ,
el 143
@~ mda® —m) (149
leading to the well-behaved explicit functions (Section 1.2)
€(xo) [ dq 1 .
0, Oim,, =—| = iqx
©, O, m2)) anuw—mmme@f
2% 2x2 — 2% 2x2
- e(xo)ﬁ(xz)ml 1(m ix°) m; 1(m3x%) (144)

m? — m3
(0, Olm, m)(x) = €(xp)d(x2)Eo(mx?)
(0, 010, 0)(x) = €(xx)d(x?)

The principal value pole integration (denoted by P) has been used. The
massless case with the trivial realization is particularly simple.

The reducible, but nondecomposable realizations with (N, N,) = (0, 1)
are faithful and nontrivial for both the abelian group D(1) and the nonabelian
boost manifold SL(C3)/SU(2)—they involve both poles and dipoles

D(2) 5 ¢* = (0, limy, my) (x)

Ag
d'q 1 = 2|,
— m} Je™ (145)
@ -mhg>-mph\, T "

Here one has the explicit functions with the reducible measure

€(xo) d_":ﬂ Ag eiax
w ) @ (q* — mDp(q® — mDp

, 2.2y _ 2 2 2.2
= e(r)d(x?) E} [M‘}’é’;z(m %) — m3&x(m3x?) P mz%l(mzxz)] (146)

(m7 — m3)? mi — mj}
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and the special cases for coinciding and trivial masses

(O, 1im, M) = )30 ((1> l)\fm)c@o(m 22)
(147)
©, 110, 0)(x) = (ro)yd(x?) ((1) wlc/4)

5. FUNDAMENTAL QUANTUM FIELDS

In quantum structures, representations of causal timespace manifolds
D(n) are parametrized by operators, i.e., quantum variables: time-dependent
positions and momenta in quantum mechanics, timespace-dependent fields
in relativistic quantum field theory.

Nondecomposable representations (Nlm) of the causal group D(1) are
parametrizable by principal vectors, the irreducible ones (0lm) in U(1) even
by eigenvectors (Section 1.1) There exist pairs of cyclic principal vectors
(b, b¥) in the representation space and its dual V, V = C"¥, which are
U(N,, N-)-conjugated to each other and parametrize the characteristic matrix
element'’ of the representation

AWV
-MTT')~ em™eg,N=0: (b b)1) = (u*, u)(r) = e™"
: (148)

(b%, b)(7) =

N =1: (b5 b)1) = ite™

Only for the irreducible representations are the cyclic vectors unique; in
general, they are ‘gauge dependent’ (Saller, 1991, 1993b).

Generalized for timespaces D(n) with n = 1, such pairs of cyclic principal
vectors—used as operators (Saller, 1993a)—will be called fundamental time-
space quantum operators.

5.1. The Fundamental Mechanical Pair

Quantum mechanics, n = 1, uses one kind'® of fundamental pair—a
creation—annihilation pair (u, u*) in the complex or a position—-momentum pair
(X, iP) in the ‘real’ formulation—for the causal group D(1)-representations in
U(1) and SO(2), respectively:

7With v € Vand o e V7 the short-hand notation {w(1,), ¥(T))) = {w, v)(1, — T,) for the time-
dependent dual product is used.

'8The basically unimportant number of fundamental pairs [iP,, X,] = 8,4 b =1,...,N
e.g., N = 3 for the 3-dimensional isotropic oscillator or the quantum mechanical nonrelativistic
hydrogen atom give rise to decomposable D(1) representations with ‘internal’ degrees of
freedom, e.g., with respect to SU(3) (oscillator) and SO(4) (bound states for the atoms),
respectively.
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D) 3 e~
[u*, u]() = em = (0lm)(®)
. i .
<[[lzf’ I{f]][)E’X,—)‘;I]E’])(’) = ™ "™ = umdy 149
T ’ iM m sin mt cos mt

The D(1) representation is generated by the Hamiltonian H = P%(2M) +
kX?%2.
Representations of D(1) with a normalized positive frequency measure

([u*, u)@) = J’du ho(p)e

D) s e’ - . R
(e R O By
’ ’ iMp sin pt cos it

(150)

([u*, up(0) = [u*, u] = f dp hy(p) =1
fort = 0:

([iP, XIXO0) = [iP, X] = Jduz ho(p?) =1
arise for the time developments of the ground-state values of the commutators
in the case of Hamiltonians H = P?%(2M) + V(X) which lead to bound
states only.

There may also occur indefinite unitary nondecomposable representa-
tions of the causal group, if there arise not only bound states, e.g., for a free
mass point with Hamiltonian H = P%(2M)

P X] XX 1 M
D) 5 e ~ <[[IP, P]] [}[(, _i},])(t) = (o “ )s 110)() € U, 1)

(151)

5.2. The Fundamental Quantum Fields

Many linear fields are used for the Minkowski translations R(2), e.g.,
lepton, quark, and gauge fields in the standard model of elementary particles.
Those fields, appropriate for a free theory, do not parametrize realizations
(N1, N,lm,, m,) of the causal timespace manifold D(2), but space distributions
of time D(1) representations (Section 4.2) with possible spin degrees of
freedom (Saller, n.d.).

For example, a massive Dirac field (Section 1.2) parametrizes the space
distribution of the U(1) time representation

D(1) 3 e® ~ {W, W}(x) = exp(imlx) = yet(mlx) + is(mix)

for x,=0: {W, W}(x) = yd(x) (152
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In analogy to the fundamental bosonic pairs (u, u*) (quantum mechanics)
with one causal unit m, fundamental fermionic pairs'® (b*, b})4-;, with
fundamental conjugated SL(C%)-representations [110] and [0!1] are proposed
(Heisenberg, 1967) for the timespace manifold D(2) (quantum field theory)
with two causal units m, ,. They are assumed to have as dual product (quantiza-
tion) a faithful D(2) = D(1) X SL(C3)/SU(2) realization (0, 1im,, m,)

DQ) =3 e* ~» (0, limy, my)(x)

dq q
m (q* = mDe(g® — mD}

(153)
with {b%, b}(x) = e_:_Tx:)_)J

iqx

The characteristic property of the fundamental fields is the representation
of the external and internal operations, used for the definition of the timespace
manifold D(2) = GL(C3)/U(2), not some linear field equation. The tangent
flat timespace interpretation with linear particle fields, i.e., with positive
unitary representations of the Poincaré group (Wigner, 1939) SO*(1, 3) X,
R(2) for a given dynamics and the determination of a measure h (u}, p3) for
a decomposable realization—in analogy to A (u2) in the previous subsec-
tion—is the essential part of the solution of a dynamics.

A parametrization of the causal measure with point supported realizations
may be useful for a perturbative approach to generate the causal subalgebra
associated with a given dynamics. Being part of the causal measure algebra,
the product representations are well defined, i.e., there arise no divergences.

5.3. Particles in Fundamental Fields

As familiar from regularization recipes, the price to be paid for the
relativistic causal representations with convolution properties (no diver-
gences) is the indefinite metric for some representations of the timespace
translations R(2), i.e., an indefinite conjugation, e.g., U(1, 1) (Section 3.1).
This price would be too high if it invalidated a probability interpretation of
the experimental consequences. A closer analysis of the manifold D(2) and
its tangent Minkowski translations R(2) reveals a rather subtle situation: The
causal und the spacelike submanifolds R(2)causa and R(2)gpace, Tespectively
(Section 2.1) are reflected in the two parts of Feynman propagators (Section
1.2). The field quantization realizes the timespace manifold D(2) and is
supported by the causal submanifold of flat timespace R(2). The asymptotic
consequences of a dynamics, however, are interpreted with the spacelike
submanifold for in- and outgoing particles. The spacelike submanifold arises

For a full-fledged parametrization, also U(2) internal hyperisospin degrees of freedom have
to be introduced to take care of possibly nontrivial properties of the coset U(2) in the timespace
manifold GL(CR/U(2).
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only as part of the tangent translations R(2) on the timespace manifold D(2)
(Section 2.1).

The fundamental quantum fields introduced in Section 5.2 cannot be
expanded in terms of energy-momenta eigenvectors only, i.e., with positive
U(1) representations of the timespace translations R(2). The causal spreading
on four dimensions leads to negative and derived Dirac measures of the
energy-momenta R(2)7, e.g., 8'(m% — ¢?), related to reducible, but nondecom-
posable representations used for the ‘hyperbolic stretching’ group SO*(1, 1)
= D(1). Therefore, the fundamental fields contain, on the one hand, positive-
definite U(1)-representations of the timespace translations, describing parti-
cles, e.g., leptons; on the other hand they involve indefinite, e.g., U(1, 1)-
representations of the translations which describe interactions via fields with-
out particle content. Examples for nonparticle fields are the Coulomb interac-
tions (no energy eigenvectors) in the four-component electromagnetic field
(Nakanishi and Ojima, 1990) A%(x) which has only two particle degrees of
freedom (the photons with left- and right-handed polarization). The quantiza-
tion of the electromagnetic field involves U(l) and U(1, 1) representations
of the translations (Saller, et al., 1995) as reflected by the underived and
derived point measures

4
[A% A)(x) = J (‘21133 [—ein™8(g®) — Noq*q’8'(gD)]e(go)e” (154)
with e3/4m the fine structure constant and A\, a gauge-fixing parameter. The
Fadeev—Popov ghosts are another example for indefinite unitary representa-
tions of the translations (Saller, n.d.).

The spacelike (asymptotic) behavior of a particle field W (Section 1.2)
is completely given by the Fock value of the ‘quantization-opposite’ commu-
tator, e.g., for the electron field

forx2 < 0: (6WW)(x) = (¥, )
= EXP(imlx) = C(mlx) + iv,S"(mlx)  (155)
The spacelike behavior is decisive for the probability interpretation—here
the indefinite metric has to be avoided. In- and outgoing particles are tangent

spacelike phenomena.
The spacelike behavior of particles is described explicitly by

-1
C(mlx)\ _ m? 3
(iS"(me)) 4 < 4 omx;,

2,2 4

2
x 9 [log lm Bo(m22) — %0(m2x2)] (156)
omex
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In addition to the functions €,, given in Section 1.2, it involves the functions

o (—E%4))
F(ED) = n! L_i—_ j + n) = 2v0)l,
(€)= n! 35 (90 + m) = 2v0)
. . 1, 1
ji=1 ‘P(J)=1+§+'“JT 157)
Yo = ‘i(z@ = lim [¢(j) — logj] = 0.5772:-- (Euler’s constant)
J®

For relativistic timespace D(2), the quantization distributions ¢*(mlx),
s(mlx), and exp(im!x), on the one hand, and the Fock functions C(mlx),
S¥(mix), and EXP(imlx), on the other, are completely different, whereas their
analogues coincide for time D(1) (Section 1.1)

(cos mt) = quo d(m? — q%)ﬁ(qo)(fr‘:)e“’“‘

i sin mt
m\ .
= J dgo d(m* — ¢ %)é(m)<qo)e"’°' (158)

The Fock functions of the position-momentum pair for irreducible causal
representations in U(1) are exemplified by the harmonic oscillator with intrin-
sic length [* = 1/xM,

{u*, ul)@®) = e™ (159)

—sin mt  cos mt

12

WGPXYy xxp\). (o
(pPYy (x. -ipp/P =\ o

) cos mt  il*sin mt

The value for t = 0O reflects the U(1)-scalar product for the creation—
annihilation operator pair (u, u*)

aruy =1, @ut)=0=2X) =12 2AP?= ;5 (160)

Going from time translations R(1) to relativistic timespace translations
R(2), the point R(1)space = {0} (presence) is ‘blown up’ into the spacelike
submanifold R(2)spsc.. For particle fields, i.e., with U(1)-representations of
the translations, e.g., for the chiral components of a Dirac electron field
W(x) = (¥9), the creation and annihilation operators for the particle

r(x)

(3, u*(g)) and antiparticle (a(q), a*(g)) involved
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_[dq [Im gz,e "u(g) + e ™a*(q)
0= f @’ Vigo © 7

_ | dq [Iml _zsp e™u(g) — e "a*(g)
r(x) J(Z'n')3 0 e \/5 (161)
with ¢ = (Igql, 9), Igol = Vm?* + g2

§ = % Artanh l—l%
have the U(1)-scalar product
(W (Pu@) = (a*(pla@) = 2m*s(q - p)
(p*(@)) = (a(pa*(@) = 0

A rest system, used for the experiments, defines a decomposition of
R(2) into time and space translations and a Lebesque measure factorization
d*q = d3qdq,. A corresponding representation of the spacelike behavior
shows the spherical waves for the particles

(162)

. -
sin/q§ — m?Ix|

J'd‘Io Vg — m) ———, d3x C(mix) = 1

C(mlx) = =
(163)

(2 @my?

Only the U(1)-representations of the translations have a positive-definite
scalar product as expressed by the Fock state. The indefinite unitary represen-
tations have an indefinite inner product (Section 3.2), as characterized by
(& %) for UQ, 1). Here the abelian U(1). Fock form is inappropriate. It has
to be replaced by the nonabelian Heisenberg—Killing form (Saller, 1992a),
leading to trivial spacelike contributions in the Feynman propagator.

In the nondecomposable point measure approximation for the fundamen-
tal fields for the realization of the timespace manifold only the U(1)-represen-
tation of the translations can give rise to in- and outgoing particles. This is
effected by the familiar Feynman integration prescription for a particle at its
pole in the complex energy—-momentum plane using a limit vanishing imagi-
nary part m? — io (Section 1.2)

d* d'q q )

(€b*b)(x) = J . e (164)
m ] @ (q® — mi + io)(g® — mP}

The representations of the translations which cannot be spanned by energy—

momentum eigenvectors, i.e., related to the reducible, but nondecomposable

representations—here the dipole—are confined to the causal submanifold
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with the principal value integration. They give rise to interactions, not, how-
ever, to particles.
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